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Subsonic Steady and Oscillatory Aerodynamics for Multiple
Interfering Wings and Bodies

J. P. GIesING,* T. P. KALMAN,T aND W. P. RoOpDEN]
Douglas Aircraft Company, McDonnell Douglas Corporation, Long Beach, Calif.

A technique for predicting steady and oscillatory aerodynamic loadings on general configurations is presented
for use in flutter, gust, and static aeroelastic analyses and estimation of static and dynamic stability derivatives.
The procedures are based on the Doublet-Lattice Method and the method of images. Chordwise and spanwise
load distributions on lifting surfaces and longitudinal load distributions on bodies are determined for configu-
rations that consist of an assemblage of bodies (with variable circular or elliptic cross sections) and lifting
surfaces (with arbitrary planform and dihedral, with or without control surfaces). Extensive comparisons are
made with steady and oscillatory experimental lifting pressure data.

Nomenclature

a b = length of semimajor and semiminor axes, respec-
tively, of body cross section; applies to constant
cross-sectional tube idealization

ao(E)bo(€) = same as a, b except represents a distribution of local

values of semimajor and minor lengths; used for
slender body idealization

pressure coefficient (p — py)/q

= local chord length

reference chord length

influence matrix relating normalwash to lifting

pressure

= lateral or vertical distance from body axis, used to

locate doublet or vortex pairs

= influerice matrix relating normalwash to body axis

singularities for the residual flow

Eg = influence matrix relating normalwash to body axis
singularities for slender body flow

e = semiwidth of lifting surface element

= total force on a body

H/S2(k) = Hankel function of second kind, order v, of argument £

i, = unit vector in direction of r,

i; = unit vector in direction of r

is = unit vector normal to _1\,

i = unit vector normal to iz

K = lifting surface kernel function giving the normalwash
at a point due to a point pressure doublet of unit
strength

= reduced frequency, wé/2U

= wrM/U

= function giving the normalwash at a point due to a
point doublet of unit strength

= Mach Number

= direction of point pressure doublet

= distance from a point singularity to a general field point

= distance from a point pressure doublet to a point on
the axis of a body

= two-dimensional distance from a point singularity to a
general field point

= two-dimensional distance from a point pressure
doublet to the axis of a body
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s = lateral distance along a lifting surface

U = freestream speed

w = normalwash; velocity normal to a lifting surface or
velocity in the y- or z-direction to a body

X, V,Z = coordinates of a general field point

o = angle-of-attack :

— (1 — MZ)I/Z

AC, = lifting pressure coefficient (pjower-Pupper)/d

A¢ = body element length

84 = area of lifting surface element

ow = residual flow normal to a body surface

ow = average of dw

7} = body cross-sectional angular coordinate. Equation
for body cross section y = ag cosf, z = b sinf

A = wM/BU

I = doublet strength per unit length of body axis

i = 2p explia(¢ — £)/U)

72 = quadrupole strength

&Eng = coordinate of a point pressure doublet

w = frequency of oscillation

Subscripts and Superscripts

a = body axis
I = image point
r = residual flow

sb = slender body flow

Introduction

HERE are many types of analyses that use steady and

oscillatory aerodynamic loads. Among these are flutter,
gust, frequency response, and static aeroelastic analyses. In
addition, static and dynamic stability derivatives and transient
response (through the use of the inverse Fourier transforma-
tion) can be determined by such loads. Therefore, it is im-
portant that aerodynamic loads be predicted as accurately and
efficiently as possible, and it is toward these ends that this
paper is directed.

The classic approach to the unsteady compressible flow
problem has been through the use of a lifting surface theory.
There are basically two classes of lifting surface theories: the
traditional kernel function technique, and the finite element
method. The vortex and doublet-lattice finite element
methods are achieving wide acceptance because of their sim-
plicity, accuracy, and versatility, and it is upon these methods
that the present method is based.

Many authors have contributed to the development of both
classes of lifting surface theories, and several of the more recent
contributions include the methods for steady flow of Hedman,*
Giesing,? Woodward,* Spangler and Mendenhall,* Borland®
and Chou® and the methods for unsteady flow of Laschka,’
Zwaan,® Albano and Rodden,® Stark,'° Kalman et al.,'!
Albano et al.,’? and Rodden et al.*?
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LIFTING SURFACES
AND IMAGES

J. AIRCRAFT

Fig. 1 Configuration idealization.

In the steady flow case the effects of bodies have been in-
cluded by Giesing,? Spangler and Mendenhall,* Borland,* and
Chou® through the use of images, and by Woodward? through
the use of lifting surface elements on the body surface. For
most of these methods an axial singularity distribution is
added to account for body volume, angle-of-attack, and
camber (slender body) effects.

Basically two idealizations are introduced for the body:
1) an equivalent axisymmetric body is used to represent the
slender body effects, and 2) a constant-section tube is used for
body lifting-surface interference effects. A constant-section
tube must be used because of the nature of the lifting surface
singularity, and because the body surface boundary condition
is linearized.

The unsteady lifting surface theories of Laschka,” Zwaan,®
Albano and Rodden,® Stark,'® and Albano et al.'? do not
account for the effects of bodies. Bodies are considered in a
limited way in Ref. 11 and more generally in Ref, 13. In the
method of Ref. 13, unsteady lifting surface elements are placed
on an idealized body surface in the same way that they are
placed in the steady Woodward method. This method re-
quires many elements on the body surface to produce an ac-
curate result. If more than one body is involved, the total
number of elements, which include those on the lifting sur-
faces, may become excessively large for present-generation
computers.

The present method is introduced to provide an accurate
and efficient unsteady lifting surface theory for configurations
involving multiple lifting surfaces and multiple bodies. The
method uses an unsteady image system to eliminate the need
for lifting surface elements on the body surface. Because of
this, many bodies may be handled without an excessive
amount of computational effort. Unlike many image
methods, body cross sections are not restricted to circular
shapes, but may be elliptical. Also, a new method of obtain-
ing the longitudinal distribution of load on the bodies has
been devised.

Other methods exist for handling general configurations;
however, they are all restricted in various ways. For instance,
there are the methods of Rubbert and Saaris,** Labrujere et
al.,** and Hess.*® The exact configuration is used without any
idealization (no linearization of the boundary conditions).
These methods determine detailed surface pressures and not
just load distributions and are strictly valid only for incom-
pressible flow, since the Laplace equation is obtained directly
without linearization. In practice, the Glauert transformation
is applied to obtain Mach number effects; however, this trans-
formation is valid only for configurations that produce small
perturbations to the flow.

The basic restriction of these methods is that they apply

only in steady flow. An extension to unsteady (incompres-
sible) flow was made by Giesing'” ; however, this method is
restricted to two dimensions.

There are several other steady-flow methods that are hybrid
in nature. Monical'® and Tulinius*® have developed steady,
incompressible, flow methods that are based on the assump-
tion that only the wing thickness is small while the camber
deflections may be large.

Outline of the Theory

Doublet-Lattice Method

One of the basic building blocks of the present approach is
the Doublet-Lattice Method (DLM) developed for interfering
lifting surfaces oscillating in subsonic flow. The DLM is a
finite-element lifting-surface theory that reduces to the Vortex-
Lattice Method in steady flow. The technique is applicable
to combinations of wings with arbitrary planform and di-
hedral including control surfaces, and has been proven by
extensive correlations with other theories and experimental
data'9,11,1 3,20-23

The theory is well documented elsewhere®:!3:2%:23 and need
not be presented here. It is sufficient to note that the flow
singularities used to model the lifting surface are steady horse-
shoe vortices and oscillatory line doublets superimposed on
the bound vortex. The idealization of each lifting surface
consists of its division into small trapezoidal elements (boxes)
arranged in strips parallel to the freestream [see Fig. 1(b)]such
that surface edges, fold lines, and control surface edges lie on
box boundaries. To represent the steady flow effects, a
horseshoe vortex is located on each box such that its bound
leg lies along the quarter-chord line of the box, and to repre-
sent the oscillatory increment, a uniform line of acceleration
potential doublets (with the steady doublet strength sub-
tracted) is added to the bound vortex. The total effect of the
vortex and incremental oscillatory doublet is given by an in-
fluence function D;; that relates the complex amplitude of
pressure coefficient of each box (which acts at the one-quarter-
chord centerline) to the complex amplitude of the normalwash
at each control point (which is located at the three-quarter-
chord centerline). The influence of all pressure coefficients
on all control points when summed leads to a system of simul-
taneous complex equations for the unknown pressure co-
efficients, AC,, in terms of the distribution of normalwash, w,
and their solution for a prescribed normalwash yields the
desired pressure coefficients. In matrix form this can be
expressed as

{w} = [DKAG} ®
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Modified Slender Body Theory

The basic concepts of slender body theory§ are used to deter-
mine the axial distributions of both force and flowfield near
the body. An extension of this approach is required because
far field flow effects are required to account properly for the
effects of the bodies on the lifting surfaces and other bodies.

The incremental normalwash, Aw, at points lying on the lift-
ing surface due to a body, can be obtained from a distribution
of singularities along the body axis. The singularities are in
the form of a multipole expansion. If the body cross section
has two planes of symmetry and the onset flow w is uniform,
then the multipole expansion consists of doublets, quadru-
poles, etc.

wird) =g- [ L+ @+ e @

where L = L(x — £, ¥ — %4, z — {4, », M) is the normalwash at
x,y,z due to a doublet of unit strength (not a pressure doublet)
located at £,m.,{, and oriented in the direction N. The sub-
script @ indicates the body axis. The kernel L represents the
complete solution to the unsteady compressible three-dimen-
sional differential equation and is related to K as follows

KGx = 1,0 = [ expl—io( —E)/UILG—£,.. ) ©)
1
The kernel K represents the normalwash due to a pressure
doublet of unit strength located at &:,74.,(.. Equation (3)
shows that a pressure doublet is actually a semi-infinite
line doublet (origin at £,) whose strength varies like
exp[ —iw(¢ —£1)/U].

Slender body theory assumes that the flow near the body is
quasi-steady and two-dimensional. Thus, the multipole
strengths, u(£), 12(€) ete., can be obtained using simple solu-
tions of the two-dimensional Laplace equation. The ad-
ditional source solution usually obtained for steady flow does
not exist in unsteady flow since the body does not change in
volume with time.

For an elliptic cross section whose semimajor and semi-
minor axes are ao(¢) and bo(£), respectively, '

(@) = w(Orao©)lac® + bo(®)] (42)
2(8) = WO/ DanOlao(?) + boOTlau(®) — bo(®)] (@)

Here, w(¢) is the local upwash along the body axis. Rather
than derive new formulas for each term in the multipole ex-
pansion, an attempt is made to use the existing lifting surface
kernel K to simulate the multipoles, through the second
(quadrupole) term. The effect of the quadrupole is obtained
in either one of two ways: 1) for be/ao > 1, one doublet. is
placed above the axis @ distance d, while another is placed
below the axis the same distance, 2) for bo/ao < 1, the doublet
is integrated in the horizontal direction from —d to +d (see
Fig. 2). In two dimensions, the latter is a pair of vortices:
one at —d of strength u/2d, and one at 44 of the opposite
sign. The incremental normalwash is then ’

u(€)Ld¢ &)

Body

Aw = (1/4r) f
where

(... z—L—d,..)
L={+L(...,z—0a+4d,.. ) 1]2, bolasc>1 (6)

/2d) fjden . bofao <1

§ The slender body forces are obtained using the slender body
theory of Miles.>*
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Fig. 2 Idealization of body axis singularities.

in which

de (bo? —ao®)''?2 , bolao>1 )
\[B(ao® —BoH]1V?/2, bofas <1
and where u(£) is given by Eq. (4a). Equation (5) then simu-
lates the multipole expansion through the second term.
A finite element approach is again taken with Eq. (5) where
the body is divided into elements (see Fig. 2). The leading

and trailing edges of element j are &:; and &,;, respectively.
Then ' '

$2;  _
Aw=(my, | uldt ®)
f=1 Y

If 4 new variable g is introduced such that
g = (@/2) expl—iw(§ — £)/U] ®

where £, = (&, + £€2)/2 is the location of the element center,
and if g is held constant over each element then Eq. (8)
becomes

Aw :JZ&’Z"E” 10
or in matrix form

{Aw} = [EX@} 11

The influence coefficient E;; is obtained when f is introduced
into Eq. (8). Defining A = ¢, — &, such that & =§, +
A2 =&, — A€[2, permits the expression for Ei; to be
written as

E;= (1/877){exp(iwA§,/2U) f: exp[—iw(§ — fl,—)/U]L_ijdg“
1J

exp(—iwE,20) || explilé — £:)/UILudk] (12)

Referring back to the relation between L and X, Eq. (3), it
becomes apparent that E;; may be written in terms of K or an
integral of K.

Ei; = (1/877)[exp(iwA§j/2U)I?(x — &)=
exp(—iwAE;2U)K(x — €2,..0] (13)

where

K(..,z—Ca—d,...)
K=¢{ 1+ K(..,z—Cla+d,.. )2, bolac>1

d
(1/24) f Ky , bolao <1

The integral given for K above is exactly D,/ A¢ with the lifting
surface element half width e; replaced with d;. Thus, the
equation for the normalwash flow field about a body of
elliptic cross section has been expressed in terms of known
quantities, i.e., K, D, and ao, bo.

Equation (13) represents the sum of two pressure-type
singularities: one located at £, and one at £,. Each of these
possesses.a wake; however, the wake from the one located at
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&, is canceled by the one located at &», aft of the point &..
The result is a finite length singularity possessing no wake aft
of &, (see Fig. 2). For the case bo/as > 1, the singularity is
composed of two finite length line doublets. For the case
bolao < 1, the singularity is an unsteady trapezoidal vortex
which is also shown in Fig. 2.

Interference

The first step in the determination of interference has been
taken. Specifically, the incremental normalwash Aw due to
isolated bodies has been found. The resulting normalwash is

{wr} = {w} — {Aw} (14)

and is known at all lifting surfaces and bodies. This may be
viewed as a new normalwash distribution to be satisfied by
the lifting surfaces and bodies and need not be considered
further: simply replace w with wr.

The approach to be taken in the solution of this new modi-
fied boundary value problem is to: 1) generate an approximate
Green’s function for lifting surfaces in the presence of several
bodies, and 2) generate a residual flow used to render the
Green’s function exact. In simpler terms, an image system
is generated within each body to divert the flow around that
body when it is in the presence of the lifting surface. The
image system is not completely effective in doing this, however,
and a residual flow must be added. The residual potential is
a simple axial singularity distribution very similar to the axial
system discussed in the previous section.

The method of images is well known. Lennertz?® and
Koeing?® were two of the first to use the method for steady
flow. The basic idea of the method is to match each singu-
larity external to the body with one internal to the body at the
“image” point. The strength of the internal or image
singularity is directly related to that of the external singularity
strength so that no new unknown distributions are introduced.
The image singularity exists to negate the flow through the
body surface generated by the external singularity. The
method of images has been used in various ways. Most
investigations have neglected the residual flow; however,
Rethorst?” and Wu and Talmadge®® have generated com-
plicated expressions for the residual flowfields. Recent
refinements and extensions have been made by Borland5 and
Chou.®

Since all the singularities discussed here (except the source)
can be reduced to a pressure doublet or an integrated pressure
doublet, only an expression for the image point (7;,{,) and
image strength (j;) of a pressure doublet will be presented.

n = (@*/ra*)

L = (@/r?)
i = —@r a0 — 1) + @92)
,al(Z) _ (aZ/ru‘!-)[ll(z)(,r]Z _ gz) + ﬁ(y)zg‘r]]

where r, is the radial two-dimensional distance from the cross-
section axis to the doublet, whose strength is g%+ gk,
located at (n,{). Equation (15) is valid only for a circular
cross section. An extension to elliptic cross sections was
made by Borland® using conformal transformation methods.
An alternate approach is taken here which is based on the
local surface radius and center of curvature of the ellipse.
The first step is to find the elliptic coordinates of the pressure
doublet. Curves of constant elliptic coordinates are ellipses
and hyperbolas. The next step is to find the intersection of
the hyperbola with the actual elliptic surface. This is the
point at which the radius and center of curvature are deter-
mined. The ellipse is then replaced by a circle that has a
radius and center correspondmg to the radius and center of
curvature of the ellipse Other doublets lie on other hyper-
bolas and thus require different circles for their images.  This
method is restricted to moderate cross-sectional aspect

15)
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ratios (b/a) since in extreme cases the image may fall outside
of the cross section. Accuracy is also lost if images from the

" right wing fall on top of images from the left wing within a

fuselage. In this case the overlap is eliminated by requiring
images of points lying in a particular quadrant, in a coordi-

‘nate system centered in the body, to lie in the same quadrant

within the body. ;

The image approach just outlined is unaltered for the
oscillatory case. In all three-dimensional cases, steady or
unsteady, the image does not satisfy the boundary condition
on the body surface exactly and, thus, a residual flow is re-
quired. The image system exists to eliminate the singulari-
ties in normalwash at points on the body surface lying adjacent
to lifting surfaces. Once the flow about the body is regular-
ized, a slender body theory can be used to complete. the body
surface boundary condition. The residual flow caused by
unsteadiness is of the same order as the residual flow caused
by the three-dimensionality and cross-sectional aspect ratio
(b/a); thus, it does not require special consideration.

In general, an image of an external singularity must be
placed in each body. However, if the singularity lies at a
moderate distance from a particular body, it need not have an
image for that body; its effect can be accommodated by the
residual flowfield.

The image approach requires that the body cross section be
constant downstream of the external singularity. Because
of this, a constant section tube must be used for the image
system. Figure 1 shows that the lifting surfaces must be
attached to these tubes. There are, then, two idealizations
for the body: one for slender body effects (body of varying
width or radius), and one for images (constant section tube).
The residual flow will use both of these idealizations. The
residual onset flow generated by the lifting surfaces and images
is determined at the surface of the constant section tube.
However, this residual onset flow is then applied at the actual
body surface.

Since the slender body approach is used to determine the
residual flow, the problem is again reduced to a quasi steady
two-dimensional problem. The basic difference between the
determination of the residual flow and the flow due to the
slender body is that the onset flow, Sw, is not uniform in the
residual case, but varies around the circumference of the
body. The doublet and quadrupole strengths are now
functions of onset flow variation. The distance d used to
generate the proper quadruple for the body in uniform flow,
however, is already fixed. If it is assumed that the residual
flow, 8w, is small compared to the slender body flowfield
Aw then the residual flow need not be represented as accu-
rately as that due to the slender body. Specifically, the
multipole expansion is matched only through the first (doub-
let) term. The doublet strength w is determined from Eq.
(4a) once w is known. Since the onset flow, dw, is not uni-

form, an average onset velocity, c%, must be determined.

The average Sw is then used in place of w in Eq. (4a). This
average is obtained as follows

Swe — (1/m) f ” fow cosfdd (16)

S — (1/m) f " 5w sinddo a7

where f=[sin?0 + (b/a)? cos?01/2. The term dw is the
residual onset flow normal to the elliptic cross-sectional sur-
face. The angular coordinate ¢ is related to the elliptic
surface as follows: y(6) = a cosf, z(6) = b sinf. The average

velocities to the body in the z- and y-directions, i.e., Sw® and
Sw@, due to the residual onset flow dw, are applied to the

€ There is evidence that the residual flow is small and in many
cases can be neglected altogether thus saving computational effort.
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actual body surface through Eq. (4a) to give the proper
doublet strength. This doublet strength is used through
Eq. (11) to produce the effects of the residual flow at all
points of interest in the flowfield (e.g., normal to the lifting
surfaces, etc.).

Solution

The problem to solve may be cast into the following matrix
form

{wr} = [DIE]{ fin® (18)

75 . (Z)
{wr} ={w}— [Esb]{gf'z'(';;} 19

The subscripts sb and » have been introduced on E and a to
indicate the difference between slender body doublets and
residual flow doublets. The terms g and .9 are the
residual interference doublet strengths, and E, represents
their effects on the lifting surface and body boundary condi-
tions. The terms @™ and @, are the slender body
doublet strengths, and Ej, represents their effects of the lifting
surface and body boundary conditions. Because slender
body theory is used to represent the effects of the bodies, a
doublet at one axial location does not affect the boundary
condition at another location on the same body. It does,
however, affect other bodies. The matrix [D] which repre-
sents the normalwash of lifting surface elements on themselves
has been generalized in Eq. (18) to include the y- and z-wash
at interference body elements due to lifting surface elements.

Equation (18) represents a set of simultaneous equations
that may be so solved for the unknowns, AC,, & and .9,
in terms of the known boundary conditions, wr. The lifting
pressure distribution, AC,, can be integrated to give the
lifting surface contributions to the aerodynamic parameters
of interest (span loading, a.c., c.p., generalized forces, etc.).
The forces on the bodies, however are determined in a more
complicated manner.

Body Forces

Each singularity contributes to the force distribution on
each body. Every lifting surface box, every image, and every
body axis doublet affects the force distributions. As outlined
in the previous sections, every singularity can be obtained
from the point pressure doublet whose normalwash flowfield
is obtained from the standard lifting surface kernel K. An
analytic expression exists for the pressure field due to a
point pressure doublet and is:

ACK(£,1,0)84
47

e—iAR

R
where R? ={(x — &>+ B%2, A=wM/UB and N is the unit
vector in the direction of the doublet. The term AC,(¢,7,£)84
is the total pressure doublet strength of a lifting surface
element of area 64 and lifting pressure of AC, located at
&m0, An equivalent point pressure doublet is assumed to
act along the element center at the {-chord point. Actually,
AC,84 is used to represent all pressure doublet strengths.
As stated previously, the finite length body doublet is com-
posed of two pressure doublets, one located at the leading
edge of the element, whose strength is & exp[iwAE&/2U ], and
one located at the trailing edge whose strength is
—f exp[—iwAg/2U). Thus, there are two pressure doublets
per body element.

Equation (20) must be integrated over the body surface to
obtain the forces acting on the body due to the equivalent

C(x,y,2)= expliAM(x — §)] % { } (20)
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pressure doublet located at £,m,{. The effects of all pressure
doublets must then be summed to obtain the total.

Equation (20) can be integrated analytically only for special
cases. For instance, it may be integrated in the x-direction
from — o to + 0. A circumferential integration then pro-
duces the total force and moment on a body of constant
cross section (of arbitrary shape):

_ AC84 ~(G-N)
Fla— o § 160~ nds @n

AC,84 P '
Mig= =" § p(R)Gi; - Nonds @)

where f(k) = —i(z/2)kH,?(k); p(k) = M([2)kHo®(k); k =
wMr]U; ¥ =ir =§(y — n) + k(z —{); n = cross-sectional sur-
face outward normal vector; H,®(k) = Hankel function of
second kind. Details of this integration are found in Ref. 22,
Appendix D. The circuit integral is to be taken around the
cross section. Presently, this integration is done numerically
for elliptic cross sections; however, it can be done easily for
any cross section. The circuit integrals in Eqgs. (21) and (22)
can be integrated analytically for the steady case f(k) -1,
p(k) — 0 and circular cross sections (see Ref. 22, Appendix F).
The result is

A .
F/q:_.c”__SA N’ Yo << Qo
&) (23)
AC,84 A
Fla= " oo — NoNalr®, 1> ao
where
ro =isra =§i(ya — 1) + k(za — )
and

=0

The term r, is the radial distance from the doublet to the
circle center.

If the body is slender and the doublets lie close to the body,
the total force and moment can be assumed to act at the same
longitudinal location x as that of the pressure doublet &.
Distributions obtained in this way for other more general
conditions tend to be too abrupt, even though the total force
and moment are correct. If in flutter, gust, or frequency
response analyses the important generalized forces are the
total force and moment, this abruptness will not be important.
However, the details of the distributions tend to be inaccurate.

The distribution can be obtained accurately only if the
integration is done circumferentially. This produces a force
per unit length distribution on the body. Equation (20)
cannot be integrated exactly, even for a circular cross section;
however, Lawrence and Flax?® have presented an approximate
expression for the steady case (only for the case of vertical
force due to a z-oriented doublet). It has been found that if
their approximate expression is integrated again in the longi-
tudinal direction, from + o to — oo with the circular radius
a held constant, the total force is exactly correct for all values
of r,. Thus, an approximate force distribution integrates to
give the exact force and moment.

This encouraging result led the authors to attempt the same
approximate circumferential integration for the unsteady
case. The basic approach is to: 1) expand exp[—iAR] in
terms of Ar.aof? cosf/R,, 2) for the case r, > ao, expand R
in terms of B2aor./R.>, 3) retain only lowest-order terms, and
4) integrate around circular cross section. Details of this
integration are given in Ref. 22, Appendix G, and the result is

o(F/q) °N AC,84
dx 4

1 iA
BZGOZ{E + -];—a;} X

exp{iAlM(x — &) — R} +4  (24)
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where A = 0 for r, < a¢, and*

AC
A = — Nii;

ﬁZ 2

1 A [idr2B2 . 3B%,2 iAB?r,?
[{;e;au—az}{ R R }* R

expliAlM(x — &) — R.I}, ra>ao (25)

where R =(x —§)?+ B%,". When A is zero (N, =0 or
r. < ao), Eq. (24) can be integrated longitudinally to give the
total lift. The result is

Flg= | eja)joxd

2. (26)
— N 2G04 {‘-;2} {%‘ H1<2>(1€)}

2

when A =0. .

For the case where A +# 0, it must be integrated numerically.
The results obtained in Eq. (26) and the results of numerically
integrated A can be compared with the exact results of Eq.
(21) (numerically integrated around the circular cross section).
As in the steady case, the approximate and exact results are
the same. It must be remembered that although the total
force is correct, the distribution is still only approximate.

In the present method the force distribution along the body
axis is given, not as a continuous function, but at discrete
points along the body axis. Specifically, the midpoints of
the slender body elements are used for this purpose. To find
the average force acting on a slender body element, Eqs. (24)
and (25) must be integrated over the element. To perform
this integration, it must be assumed that the slender body
element is small compared with the wave length 2m/w.
The exponential term may then be expanded in series. The
results are presented in Ref. 22, Appendix H.

In summary, two methods have been presented for deter-
mining the force distribution on a body. In one case the
total force and moment due to a single pressure- panel are
lumped** at one point on a body of general cross section
(method to be called Alternate II), while in the other case a
distribution is found for the special case of a body of circular
cross section (Alternate I). An approximate distribution
can be generated for the first case where no distribution
exists, {1 by assuming the total force to be caused by an internal
pressure doublet lying along the body axis, and by further
assuming that Eq. (24) can then be applied using an average
body radius, ao = (a0 + bo)/2.. Even though the results of
this approximation (to be called Alternate Il redistributed)
seem to agree well with experiment, it must be considered
only as a temporary solution.

Calculated Results

Effect of Cross-Sectional Aspect Ratio (b/a)

Several studies were conducted to ascertain the effécts of
various body parameters on wing-body loadings; however,
only one is presented to serve as an example. The effect of
fuselage cross-sectional aspect ratio, b/a on the wing loadlng
is presented in Fig. 3.

* The local radius ao is used when pressures are calculated and
not the average tube radius, a. The radial distance r, of image
doublets, calculated using the average radius a, are legislated to lie
inside the slender body, i.e., r, < ao.

** The force is actually spread out over the slender body element
over which it acts.

11 A distribution will be generated for this case because there is a
distribution of pressure doublets, however, there is no distribution
for one pressure doublet.
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Fig. 3 Effect of fuselage cross-sectional aspect ratio (b/a) on the
lift coefficient distribution of the wing.

The distribution of lift coefficient for a wing-fuselage
combination is presented for the cross-sectional aspect ratio,
bja, in the range zero to infinity. The semiwidth « is con-
stant and equal to 0.2s for all calculations. The case b/a =
0.0 is special and is obtained by replacing the body by a
flat-lifting surface. The case b/a = oo is also special and is
obtained by placing a plane of symmetry at the wing root
(this case is given the designation of ““wing alone”). All of
the intermediate cases which are not special should lie within
the envelope formed by the two special cases described above,
however the curve corresponding to the lowest value of
b/a(=0.25) does not. The curve corresponding to the highest
value of b/a(=2.0) still lies inside the envelope but comes
very close to passing outside of it. The upper bound of
validity, for b/a of the present method, is then somewhere
near or below 2.0. The lower bound of validity for b/a is
somewhere between 0.5 and 0.25. If configurations that fall
outside of this range are to be analyzed, it is recommended
that either the body be replaced by a lifting surface (b/a < 0.5),
or by a plane wall for (b/a > 2.0). An additional alternate is
to place lifting surface singularities on the body. surface in
addition to, or in place of, the image system.

If the left-hand wing half is omitted from the calculation,
then the effect of body end-plating can be ascertained. It is
expected that the end-plating effects, as obtained by the
Present Method, will be slightly smaller than they should be
when b/a>1. Two reasons are offered for this: 1) the
image within the ellipse is cut off once it crosses the y =0
plane, and 2) the interference singularities cannot account for
an onset flow whose average, dw, is zero (i.e., a flow that is
antisymmetric across the body). If the body were circular,
then the image would fully accourit for the end-plating effect
and the axial singularities would properly account for inter-
ference. Also, if bja <1 the effect of the body is properly
accounted for. However, for the b/a > 1 case, some of the
end-plating effect may be lost due to the approximated and
abbreviated image system. If one further term is added to the
multipole series of the residual flow, then. this loss of end-
plating could be recaptured, even for highly elliptic cases.
In addition, the resistance of the fuselage to roll could be
calculated.

Wing-Fusélage Combinations

Four different methods for calculating the steady flow about
wing-fuselage combinations are compared in Fig. 4. The
original version of this figure appeared in Ref. 11 without the
results of the Present Method. The configuration consists
of a simple swept wing attached to a very large-diameter
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Fig. 4 Comparison of the lift-curve-slope distribution as calculated
by the present method and various other methods for a wing-fuselage
combination.

circular fuselage. The wind is at one radian angle-of-attack,
while the fuselage is held to zero incidence. All methods are
in good agreement. However, the present method is in
better agreement with the method of Ref. 2, while the Wood-
ward method is in better agreement with the method of Ref.
21. The method of Ref. 21, like Woodward’s method, uses
lifting surface elements on the body surface and predicts a
lift coefficient distribution that lies slightly below that of the
present method. This is expected since lifting surface elements
placed on the body surface are less effective in accounting for
interference than are images.

A wing-fuselage comparison presented in Ref. 2 is repre-
sented in Fig. 5. In addition, a calculation using the Present
Method is shown. The span load for a wing (at 4.7° angle-
of-attack) attached to a circular fuselage (at 0.7° angle-of-
attack) is given in this figure. The agreement between the
Present Method and the method of Ref. 2 is excellent, as is
the correlation with the experimental data.3° Since this is a
steady case, the agreement between the two methods should
be perfect; however, a change in the number of spanwise
strips near the tip has caused a slight disparity.

Figure 6 presents a correlation of the Present Method with
the experimental data of Korner3! and the theory of
Labrujere'® et al. The configuration considered is a straight
wing-fuselage combination (D/C = 1.0) at an angle-of-attack
of 6°. The experimental data in Fig. 6 lie below the calcu-
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— METHOD REF (2)
- EXPERIMENT REF (30)

Fig. 5. Comparison of experimental and calculated span load for
a wing-fuselage combination.

Fig. 6 Comparison of experimental and calculated lift coefficient
distributious for a straight-wing/fuselage combination.

lated results, giving a clear indication of viscous effects. The
distribution calculated by the Present Method lies almost
equidistant between the data and the calculated results of
Labrujere. The discontinuity in span load apparent in
the theory of Labrujere is caused by the fact that the fuselage
does not close due to the wind tunnel sting; thus, there
exists a resultant slender body lift. The reason the Present
Method and the method of Labrujere are in slight dis-
agreement is because wing thickness effects are accounted
for by the latter method, thus rendering the wing more
effective in lift. '

Results for a swept wing-fuselage combination are presented
in Fig. 7. The wing and fuselage are at 6° and 0° incidence,
respectively. The longitudinal distribution of force on the
fuselage, as calculated and as obtained experimentally, are
shown in the figure. Two calculations are shown and both
are in good agreement with the experimental data.

Figure 8 presents a comparison of experimental and calcu-
lated fuselage force distribution for a typical transport air-
craft flying at M =0.6. The two calculation methods
shown are in good agreement with the experiment. The lack
of pressure recovery in the empennage area accounts for the
difference between the data and the calculated results.

Figure 9 presents a comparison of the loading on a 7-tail
as calculated by the Present Method, the method of Zwaan,®
and experimental data. Results for two configurations are
shown: one for the 7-tail and fuselage, and one for the 7-tail
and a ground plane. The experimental data were taken for
the fuselage case and are in good agreement with the present
method and the method of Zwaan except near the fuselage
intersection. The case with the ground plane is presented to
illustrate the effect of the fuselage.  Zwaan used a small
extension of the vertical fin to represent the fuselage.

Wing and Tip-Mounted Nacelle Combination

The only experimental data that have been found for a
wing/body configuration in oscillatory motion are reported

25.0

PRESENT METHOD

o ALTERNATE I
20.0- o ALTERNATE IL
(REDISTRIBUTED)
o E),(PFi(RlMENg REF (31)
15,01 o |v'f 0.116
oF/q

ax
10.0f
5.0
. a
0 " =) L n X
-500 -400 -300-200-100 0 100 200 300 400 500 600

x(mm)

Fig. 7 Comparison of experimental and calculated fuselage load
distribution (fuselage at zero incidence).
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Fig. 8 Comparison of experimental and calculated fuselage load
distribution for a Mach number of 0.6.

by Cazemier and Bergh.3%:33:3*+ A wooden model of a
low-aspect-ratio wing, fitted with a large wing-tip nacelle
(b/a =2) was tested over a wide range of frequencies. The
wind tunnel Reynolds number was low (Re =4.7 X 10%/m)
and the model was approximately 1 m in semispan. The test
was set up to read the lifting pressure directly. The pressures
were transmitted from the model through tubes calibrated to
eliminate the phase shift caused by the transmission time
required to communicate the pressure from the model to the
pickup point.

The first comparison presented for this configuration is
given in Fig. 10. The lift coefficient distribution is shown for
the steady case. The upper plot gives a comparison of lift
coefficient, as calculated by the present method, and as
determined experimentally for the wing-alone case. The
agreement is generally good except for the strange fact that
the experimental data lie above the calculated results. The
lower plot presents a similar comparison for the wing/nacelle
casell and contains two curves marked ‘‘Present Method.”
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1 The wing is slightly different in the wing-alone and wing-nacelle
cases (see Figs. 11 and 12). The reason for the discontinuities in
1, in Fig. 10 (lower plot) is the discontinuity in chord length in
those regions.
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Fig. 9 Comparison of experimental and calculated span load for a
T-Tail/Fuselage combination in steady flow.

The results of the unmodified Present Method are presented in
the lower of the two curves. The upper curve is obtained
when lifting surface elements are placed on the body surface,
in conjunction with images, in the Present Method, and is in
better agreement with the data. The results of the upper
curve are obtained at the cost of doubling the number of
unknowns in the problem. Thus, accuracy and efficiency
must be balanced by the user of the present method. Also
shown on the wing/nacelle (lower) plot is the wing-alone case.
There is a very large difference between the wing-alone and
wing/nacelle lift coefficient distributions. The unmodified
Present Method predicts most of the nacelle effect, even when
lifting surface elements are not placed on the body surface.

Figure 11 presents a comparison of experimental and
calculated lifting pressure for two modes of motion for the
wing without the nacelle. The agreement is better for the
flap case (the flap is the inboard control surface) than for the
case of roll.

Figure 12 presents a comparison of experimental data and
calculated results for the wing-nacelle combination oscillating
in several rigid body modes (pitch, plunge, roll). The reduced

Fig. 10 Comparison of experimental and calculated
lift-curve-slope distributions for the V.J. 101-C with
and without Nacelle in steady flow.

frequency, based on a normal semispan of 1.097m, ie., k» =
w1.097/2U is 1.0. The agreement between experimental and
theoretical results is approximately the same as that obtained
for the nacelle-off case.
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Fig. 11 Comparison of experimental and calculated lifting pressure
distributions for the V.J. 101-C wing alone. (Roll and oscillating flap,
k., = 1.0).

Wing-Nacelle-Fuselage Combination

A good example of a complex wing-nacelle-fuselage com-
bination is found in the B-58 bomber. A detailed description
of the configuration is found in Ref. 35. A comparison of the
present method with experimental data for the configuration
with and without nacelles is presented in Fig. 13. Specifi-
cally, the span load for the wing at 4° angle-of-attack (in
addition to conical camber) is presented. The experimental
data lie above the calculated values. Similar results were
obtained by Bradley and Miller.3¢ The cause of this is
found in the very high sweep of the leading edge. As is well
known, wings with large leading edge sweep angles develop a
leading edge vortex which causes an increase in the lift.

The effect of nacelle size is also given in this figure. Shown
are the span loads on the wing and inboard pylon (the out-
board pylon is omitted since it is small) for three different
nacelle sizes: normal diameter, twice diameter and nacelles off
(diam = 0). This figure shows that the nacelles have a
significant interference effect on the wing loading.

Concluding Remarks

A method for predicting oscillatory loads on very general
configurations has been developed. Configurations may
include a combination of any or all of the following compo-
nents: 1) lifting surfaces such as wings, pylons, stabilizer, and
fin with arbitrary dihedral, partial or full span control surfaces,
and 2) bodies such as fuselages, nacelles, stores with elliptic
cross-section shapes. The operating conditions are also very
general: 1) all frequencies of practical interest and all sub-
sonic Mach numbers, 2) symmetry and ground effect, 3)
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Fig. 12 Comparison of experimental and calculated lifting pressure
distributions for the V.J. 101-C wing-nacelle combination (pitch,
plunge, roll, k, = 1.0).
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Fig. 13 Comparison of experimental and calculated span loading on
the B-58 aircraft for various nacelle diameters.

mutual interference of lifting surfaces, and 4) multiple modes
of oscillation.

Because an image approach is used, the body cross-sectional
aspect ratio b/a cannot take extreme values. Specifically, it
must lie in the range of 0.5 to 2.0.

If conditions or configurations are simple, then other
methods may be used to compare with the present method.
Cases which involve only lifting surfaces may be handled by
the methods of Laschka’ and Zwaan.® Comparisons of
these methods (Ref. 23 presents comparisons with Laschka’s
method) with the Present Method show good agreement.
For the steady case, the theories of Woodward® and
Labrujere!® may also be used for comparison. Loads predic-
ted by the present method fall slightly below those predicted
by the steady incompressible theory of Labrujere because of
wing thickness effects which are not accounted for by the
Present Method. Loads predicted by the Present Method lie
above those predicted by Woodward and the method of Ref.
21 because lifting surface elements placed on the body surface
are not usually as effective as images in accounting for inter-
ference. The results are highly dependent on the idealization.
If the cross section is represented by only a few elements, the
results can be inaccurate, especially for unsteady flow.

Several methods have been proposed for the determination
of body loads. The total force and moments are predicted
accurately in all cases. Also, the longitudinal distribution of
load is predicted accurately for bodies of circular cross section.
However, for bodies of noncircular cross section the distri-
bution of load is not predicted as accurately as desired.
Although the technique of redistributing these loads seems to
give good results for the cases presented, improvement of this
method is a subject for further investigation.

Generally, the agreement of the present method with experi-
mental data is good. In cases where the Reynolds number is
low, the classic viscous loss of lift is observed.
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